We adapt the notions of stability of holomorphic vector bundles in the sense of MumfordTakemoto and Hermitian-Einstein metrics in holomorphic vector bundles for canonically polarized framed manifolds, i. e. compact complex manifolds X together with a smooth divisor D such that K X ⊗ [D] is ample. It turns out that the degree of a torsion-free coherent sheaf on X with respect to the polarization K X ⊗ [D] coincides with the degree with respect to the complete Kähler-Einstein metric g X\D on X \ D. For stable holomorphic vector bundles, we prove the existence of a Hermitian-Einstein metric with respect to g X\D and also the uniqueness in an adapted sense.
Introduction
The Kobayashi-Hitchin correspondence states that an irreducible holomorphic vector bundle on a compact Kähler manifold admits a Hermitian-Einstein metric if and only if it is stable in the sense of Mumford-Takemoto. A logarithmic pair (or framed manifold) is defined to be a pair (X, D) consisting of a compact complex manifold X together with a smooth (irreducible) divisor D in X. It is called canonically polarized if the line bundle K X ⊗ [D] is ample, where K X denotes the canonical line bundle of X and [D] is the line bundle associated to the divisor D. In this case, corresponding to Yau's solution of the Calabi conjecture [38] , R. Kobayashi [15] proves the existence and uniqueness (up to a constant multiple) of a complete Kähler-Einstein metric g X ′ with negative Ricci curvature on the complement X ′ := X \ D of D in X. This metric is of Poincaré-type growth near the divisor D. The manifold X ′ has bounded geometry in the sense of Cheng and Yau [8] with respect to quasi-coordinates that were introduced by R. Kobayashi in [15] and studied by Tian and Yau in [35] . Moreover, the asymptotic behaviour of the metric g X ′ near the divisor D is known due to results by Schumacher [30] , [31] . The goal of the present article is to use these results to establish suitable notions of stability and HermitianEinstein metrics for vector bundles on framed manifolds in order to obtain a Kobayashi-Hitchin correspondence in this context.
One approach involves parabolic structures in a holomorphic vector bundle on X with respect to the divisor D as introduced by Mehta and Seshadri [24] on Riemann surfaces and generalized to higher-dimensional varieties by Maruyama and Yokogawa [23] (see also Biswas [3] , [4] , [5] ). Li and Narasimhan [19] studied parabolic structures for rank-2 vector bundles on framed manifolds of complex dimension 2 with respect to a Kähler metric on X ′ which is the restriction of a Kähler metric on X. Moreover, Biquard [2] studied these structures with respect to the complete Kähler-Einstein metric on X ′ .
We follow a different approach by directly adapting the ordinary notions of stability and Hermitian-Einstein metrics to the framed situation, making use of the results on the asymptotic behaviour of the Poincaré-type metric. Given a canonically polarized framed manifold (X, D), there are two obvious notions of "stability in the framed sense" of a torsion-free coherent analytic sheaf E on the framed manifold (X, D). On the one hand, there is the standard notion of stability of E with respect to the polarization K X ⊗ [D] of X. On the other hand, we can compute the degree of coherent subsheaves F of E in terms of the complete Kähler-Einstein metric on X ′ . For this notion of stability it is sufficient to consider subsheaves which are defined on X rather than X ′ . Using a theorem from [30] on the asymptotic behaviour of the Poincaré-type metric, we show that these two approaches are equivalent. This is strong evidence that the resulting notion of stability in the framed sense or framed stability is suitable for a Kobayashi-Hitchin correspondence. In fact, as in the classical situation, the framed stability of a holomorphic vector bundle on X implies its simplicity. However, it seems not to imply the simplicity of its restriction to X ′ .
The precise definition of a Hermitian-Einstein metric in the framed sense or framed HermitianEinstein metric in a holomorphic vector bundle E on X requires special attention. We are interested in Hermitian metrics in E over X ′ satisfying the Hermitian-Einstein condition with respect to the complete Kähler-Einstein metric. Like in Simpson's work [32] and in the parabolic case, we also need a compatibility condition for Hermitian-Einstein metrics in order to exclude unwanted connected components in the space of metrics.
Having established these notions, we prove the following version of the Kobayashi-Hitchin correspondence: In every holomorphic vector bundle E on a canonically polarized framed manifold which is stable in the framed sense, there exists a unique (up to a constant multiple) framed Hermitian-Einstein metric. Thanks to the concept of bounded geometry, Simpson's heat equation method from [32] can be applied to our situation by expressing all analytic considerations in terms of quasi-coordinates. Simpson solves an evolution equation of the heat conduction type for all non-negative values of a time parameter t. If the solution converges as t goes to infinity, the limit yields the desired Hermitian-Einstein metric. For the case of divergence he constructs a subsheaf contradicting the stability condition. This is done by first constructing a weakly holomorphic subbundle of E given by a measurable section π of End(E) in the Sobolev space of L 2 sections with L 2 first-order weak derivatives. In our situation, the section π satisfies the L 2 condition with respect to the Poincaré-type metric. The estimates from [31] imply the L 2 condition in the usual sense, so that the theorem of Uhlenbeck-Yau [36] can be applied, which provides a destabilizing subsheaf of E on all of X.
We also want to point out the following result by Ni and Ren ( [27] , see also [26] ): In the situation of a complete Kähler manifold with a positive lower bound on the spectrum of the Laplace-Beltrami operator, they show that every Hermitian metric which is "asymptotically Hermitian-Einstein" (i. e. with its contracted curvature tensor satisfying a certain integrability condition) can be deformed into a Hermitian-Einstein metric. It turns out, however, that manifolds with metrics of Poincaré-type growth always have finite volume (see [15] , proof of Lemma 1, p. 402) and thus clearly violate the above spectral bound condition. In particular, the theorem of Ni and Ren does not cover the situation considered here. Other results in this direction include the works of Simpson [32] and Bando [1] .
The results in this paper are from the author's dissertation [33] .
Preliminaries
Let (X, g) be a compact Kähler manifold of complex dimension n. The notion of g-stability in the sense of Mumford-Takemoto [34] can be formulated as follows. Define the g-degree of a torsion-free coherent analytic sheaf E on X as
where c 1 (E) is the first Chern class of E and ω is the fundamental form of g. If E = O X (E) is the sheaf of holomorphic sections of a holomorphic vector bundle E on X, the g-degree can be written as
where F h is the curvature form of the Chern connection in E with respect to a smooth Hermitian metric h. If the sheaf E is non-trivial, the ratio
of the g-degree of E and its rank is called the g-slope of E. A torsion-free coherent analytic sheaf E on X is then called g-stable if
holds for every coherent subsheaf F of E with 0 < rank(F) < rank(E). A holomorphic vector bundle E on X is called g-stable if its sheaf E = O X (E) of holomorphic sections is g-stable.
In the projective-algebraic case, given an ample line bundle H on X, the degree of E, which is then called the H-degree, is an integer and can be written as
Correspondingly, in this case, the notions of slope and stability of a torsion-free coherent analytic sheaf E or a holomorphic vector bundle E on X are referred to as the the H-slope and the Hstability, respectively. According to S. Kobayashi [16] , a Hermitian metric h in a holomorphic vector bundle E on X is called a g-Hermitian-Einstein metric if it satisfies the Einstein condition
with a real constant λ h , where √ −1Λ g is the contraction with ω, F h is the curvature form of the Chern connection of (E, h) and id E is the identity endomorphism of E. The relationship of the notions of g-stability and g-Hermitian-Einstein metrics is classical: An irreducible holomorphic vector bundle on X admits a g-Hermitian-Einstein metric if and only if it is gstable, cf. Narasimhan/Seshadri [25] , S. Kobayashi [17] , Lübke [20] , Donaldson [9] , [10] , [11] and Uhlenbeck/Yau [36] , [37] .
The definition of framed manifolds given in the introduction is analogous to framed vector bundles and related notions, cf. Lehn [18] , Lübke [21] , Lübke/Okonek/Schumacher [22] , García-Prada [13] , Bradlow/García-Prada [6] , Schmitt [29] and Bruasse/Teleman [7] . In the canonically polarized case, the complete Kähler-Einstein metric on X ′ mentioned above will be denoted by g X ′ in what follows. It is of Poincaré-type growth near the divisor D, i. e. for every point p ∈ D, there is a coordinate neighbourhood U (p) ⊂ X of p with U (p)∩X ′ ∼ = ∆ * ×∆ n−1 such that in these coordinates, it is quasi-isometric to a product of the Poincaré metric on the punctured unit disc ∆ * and n − 1 copies of the Euclidean metric on the full unit disc ∆. As mentioned in the introduction, X ′ has finite volume with respect to this metric.
Given a local coordinate system (∆ * × ∆ n−1 ; z 1 , . . . , z n ) on an open neighbourhood U (p) ⊂ X of a point p ∈ D as above with respect to which the divisor D is given by the equation z 1 = 0, the quasi-coordinates mentioned above are defined as follows. Choose a fixed real number R with 1 2 < R < 1 and write B R (0) = {v ∈ C : |v| < R}. Then there are quasi-coordinate systems (B R (0) × ∆ n−1 ; v 1 , . . . , v n ) with
where a varies over all real numbers in ∆ close to 1. There is a representation of dv 1 in terms of dz 1 which does not directly involve the numbers a. In fact, we have
When doing analysis with respect to the complete Kähler-Einstein metric, the function spaces defined in terms of these quasi-coordinates provide the most convenient choice in order to carry over the arguments from the compact (un-framed) case. The asymptotic behaviour of this metric is known -in fact, we have the following explicit description of its volume form.
Theorem (Schumacher, [30] , Theorem 2). There is a number 0 < α 1 such that for all k ∈ {0, 1, . . .} and β ∈ (0, 1), the volume form of g X ′ is of the form
where Ω is a smooth volume form on X, σ is a canonical section of [D], ||·|| is the norm induced by a Hermitian metric in [D] and C k,β (X ′ ) is the Hölder space of C k,β functions on X ′ with respect to the quasi-coordinates.
Moreover, in [30] , it is shown that the fundamental form of g X ′ converges to the fundamental form of a Kähler-Einstein metric on D locally uniformly when restricted to coordinate directions parallel to D. From this, one obtains the following result on the asymptotics of the Poincaré-type metric. Let σ be a canonical section of [D] , which can be regarded as a local coordinate in a neighbourhood of a point p ∈ D. Then we can choose local coordinates (σ, z 2 , . . . , z n ) near p such that if g σσ , g σ etc. denote the coefficients of the fundamental form of g X ′ and gσ σ etc. denote the entries of the corresponding inverse matrix, we have the following statement from [31] . Proposition 1. With 0 < α 1 from the above theorem, we have
where a ∼ b denotes the existence of a constant c > 0 such that 1 c a b ca.
Framed stability
Let (X, D) be a canonically polarized framed manifold, i. e. X is a compact complex manifold and D is a smooth divisor in X such that K X ⊗ [D] is ample. As above, we write X ′ := X \D for the complement of D in X. When looking for a good notion of stability of torsion-free coherent analytic sheaves on X with respect to the framed manifold (X, D), the critical aspect is the definition of the degree of such sheaves. The following two notions seem reasonable.
•
is an ample line bundle on X, there is the notion of (
In this case, we define the degree of a torsion-free coherent analytic sheaf E on X as deg
This means that the degree is computed with respect to a Kähler metric on X whose fundamental form is obtained from the curvature form of a positive Hermitian metric in the line bundle
• By Kobayashi's theorem, there is a unique (up to a constant multiple) complete Kähler-Einstein metric g X ′ on X ′ with negative Ricci curvature and Poincaré-type growth near the divisor D. We can thus define the degree of a torsion-free coherent analytic sheaf E on X as deg
where ω X ′ is the fundamental form of g X ′ . When following this approach, we have to make sure that the integral is well-defined and, in particular, independent of the choice of the closed real (1, 1)-form representing c 1 (E).
The aim of this section is to show that these two ways of computing the degree of a torsion-free coherent analytic sheaf on X are equivalent and so there is only one notion of "framed stability" of such sheaves. Note that while the first approach is a special case of stability in the ordinary (un-framed) sense on X (namely, with respect to a special polarization), the second approach is not a special case of stability in the ordinary sense on X ′ because here one only considers subsheaves on X instead of X ′ .
In order to show the well-definedness of deg X ′ (E), we need the following lemma.
Lemma 2. If η is a smooth real (1, 1)-form on X, we have
where g = g X ′ is the complete Kähler-Einstein metric on X ′ with volume form dV g and Λ g is the formal adjoint of forming the ∧-product with the fundamental form ω X ′ of g X ′ .
Proof. Using local coordinates z 1 , . . . , z n on an open neighbourhood U ⊂ X of a point p ∈ D and writing
with smooth local functions η i , i, j = 1, . . . , n, we have √ −1Λ g η = g i η i and thus
If, in particular, (z 1 , z 2 , . . . , z n ) = (σ, z 2 , . . . , z n ) is the coordinate system of Proposition 1, g i is bounded for i, j = 1, . . . , n. Since the η i are smooth functions, we obtain that |Λ g η| is bounded. The claim then follows by the finite volume of (X ′ , g X ′ ).
Furthermore, we need the following generalization of Stokes' theorem for complete Riemannian manifolds due to Gaffney.
Theorem (Gaffney, [12] ). Let (M, ds 2 M ) be an orientable complete Riemannian manifold of real dimension 2n whose Riemann tensor is of class C 2 . Let γ be a (2n − 1)-form on M of class C 1 such that both γ and dγ are in L 1 . Then
Lemma 3. If E is a torsion-free coherent analytic sheaf on X, the integral
is well-defined and, in particular, independent of the choice of a closed real (1, 1)-form c 1 (E) representing the first Chern class of E.
Proof. Let η be a closed smooth real (1, 1)-form on X representing c 1 (E). Then we have
and Lemma 2 implies the existence of the integral (2) . Now ifη is another such (1, 1)-form representing c 1 (E), we have η −η = dζ for a smooth 1-form ζ on X. It follows that
is a smooth (2n − 1)-form on X ′ such that dγ and (as can be shown analogously) γ itself are in L 1 . Now apply Gaffney's theorem with (M, ds 2 M ) being the underlying Riemannian manifold of (X ′ , g X ′ ), which is complete by Kobayashi's theorem. This implies X ′ dγ = 0, thus proving the claim.
We can now prove the equivalence of the two notions of degree discussed above.
Proposition 4. Let E be a torsion-free coherent analytic sheaf on X. Then
where ω X is obtained from the curvature form of a positive Hermitian metric in
with a smooth volume form Ω on X and a smooth Hermitian metric h in [D] with induced norm ||·|| such that ω X is positive definite. Here, as above, σ denotes a canonical holomorphic section of [D] . On the other hand, we have
where ω X ′ is the fundamental form of the metric g X ′ on X ′ . By Schumacher's theorem on the asymptotics of this metric and the fact that it is Kähler-Einstein, there is a number 0 < α 1 such that (in particular) for all k 2 and β ∈ (0, 1), we have
with a function ν ∈ C k,β (X ′ ). A comparison of ω X and ω X ′ yields
and thus
For notational convenience, we first do the proof for the case of n = 2 and then explain the necessary changes for the proof to work in higher dimensions as well. Since X ′ = ε>0 X ε with X ε = {x ∈ X : ||σ(x)|| > ε}, we have
and, therefore,
by Stokes' theorem. It remains to show that
We have ∂X ε = {x ∈ X : ||σ(x)|| = ε}. By abuse of notation, we regard σ as a local coordinate on an open neighbourhood U ⊂ X of a point p ∈ D and regard h as a smooth positive function on U . Then we have local coordinates (σ, z) on U such that ||σ|| 2 = |σ| 2 /h. In (4), we have
The first integral is clearly bounded uniformly in ε. The second integral can be estimated as follows. By Fubini's theorem, it suffices to estimate a one-dimensional line integral of the form
where f is a smooth locally defined function involving the coefficients of η. Since by the C 1 version of Cauchy's integral formula (see, e. g., Hörmander [14] , Theorem 1.2.1), we have
and f (0) is a finite number, it suffices to estimate the area integral. The latter is, however, bounded uniformly in ε since f is smooth and, writing σ = re iϕ in polar coordinates, we have
As log(1/ε 2 ) → ∞ as ε → 0, we obtain (4). In (5), we have
.
Again, by Fubini's theorem, it suffices to consider the one-dimensional situation. Since ν is in C k,β (X ′ ) with k 2, ν is (in particular) bounded on X ′ and so
is bounded uniformly in ε and so is the second integral above. Moreover, if v is the quasicoordinate corresponding to σ, we have
by (1), where ∂ν ∂v is bounded on X ′ . Consequently, the other two integrals can be bounded by using Cauchy's integral formula as above. Since log α (1/ε 2 ) → ∞ and log α+1 (1/ε 2 ) → ∞ as ε → 0, we obtain (5). This concludes the proof for the case of n = 2. In dimension n > 2, one expands the expression ω n−1 X ′ , where ω X ′ = ω X | X ′ + ξ is written as in (3) with a closed smooth real (1, 1)-form ξ on X ′ . Then one has to show the vanishing for ε → 0 of several integrals of the forms (4) and (5) with additional terms which are either equal to ω X or to ξ. Since ω X is smooth on X, it does not destroy the convergence. Concerning ξ, an argument similar to the one in the proof of Lemma 3 shows that this does not influence the convergence either. Thus the proof works in any dimension.
We can now proceed in parallel to the compact case.
Definition 5 (Framed degree, framed slope). Let E be a torsion-free coherent analytic sheaf on X.
from Proposition 4 the framed degree or the degree in the framed sense of E with respect to the framed manifold (X, D).
(ii) If rank(E) > 0, we call
the framed slope or the slope in the framed sense of E with respect to the framed manifold (X, D).
Definition 6 (Framed stability)
. A torsion-free coherent analytic sheaf E on X is said to be stable in the framed sense with respect to the framed manifold (X, D) if the inequality
holds for every coherent subsheaf F of E with 0 < rank(F) < rank(E).
A holomorphic vector bundle E on X is said to be stable in the framed sense if its sheaf E = O X (E) of holomorphic sections has this property. Since the framed stability of E with respect to (X, D) is a special case of the stability of E in the ordinary sense on X (namely, it is the stability with respect to the polarization K X ⊗ [D]), we have the following corollary from the classical situation.
Corollary 7.
If E is a stable holomorphic vector bundle on X in the framed sense with respect to (X, D), then E is simple, i. e. every holomorphic section of its bundle of endomorphisms is a constant multiple of the identity endomorphism.
Note, however, that the framed stability of E with respect to (X, D) seems not to imply the simplicity of E ′ := E| X ′ . Thus, given a holomorphic section of End(E) over X ′ , one has to make sure that it can be holomorphically extended to the whole of X in order to conclude that it is a scalar multiple of the identity.
Framed Hermitian-Einstein metrics
Regarding a suitable notion of Hermitian-Einstein metrics in the framed sense in a holomorphic vector bundle E on X, our interest lies on smooth Hermitian-Einstein metrics in the restriction E ′ of E to X ′ with respect to the complete Kähler-Einstein metric. In order to ensure that everything will be well-defined in the following considerations, we first have to make a restriction on the class of smooth Hermitian metrics in E ′ given by Simpson in [32] : Denote by P the space of smooth Hermitian metrics h ′ in E ′ such that
where F h ′ is the curvature form of the Chern connection of the Hermitian holomorphic vector bundle (E ′ , h ′ ) on X ′ . First of all, if h ′ is the restriction to E ′ of a smooth Hermitian metric h in E, we have h ′ ∈ P by Lemma 2. Now the definition of P is such that for any h ′ ∈ P, the integral
is well-defined. However, in order to ensure that it equals the framed degree deg (X,D) (E) of E with respect to (X, D), we have to impose an additional condition on h ′ . Following Simpson [32] , we denote by S h ′ the bundle of endomorphisms of E ′ which are self-adjoint with respect to h ′ . Furthermore, we let P (S h ′ ) be the space of smooth sections s of S h ′ such that
where ∇ = ∇ ′ + ∇ ′′ is the covariant derivative on smooth sections of End(E ′ ) with respect to the Chern connection of the Hermitian holomorphic vector bundle (E ′ , h ′ ) and ∆ ′ = √ −1Λ g ∇ ′′ ∇ ′ is the ∇ ′ -Laplacian on smooth sections of End(E ′ ) with respect to h ′ and the metric g X ′ . Here, the L p norms are also defined with respect to h ′ and g X ′ . Now, according to [32] , the space P can be turned into an analytic manifold with local charts
Divide P into maximal components such that each of these charts covers a component. Choose a smooth Hermitian metric h 0 in E and use the same notation h 0 for its restriction to E ′ . The component P 0 of P containing h 0 is easily seen to be independent of the choice of h 0 because the restrictions to E ′ of any two smooth Hermitian metrics in E lie in the same component of P. This space P 0 turns out to be a suitable space in which to look for Hermitian-Einstein metrics with respect to the complete Kähler-Einstein metric.
Definition 8 (Framed Hermitian-Einstein metric)
. A smooth Hermitian metric h ′ in E ′ is called a framed Hermitian-Einstein metric or Hermitian-Einstein metric in the framed sense in E with respect to the framed manifold (X, D) if h ′ ∈ P 0 and
with a constant λ h ′ ∈ R, which is then called the Einstein factor of h ′ .
Lemma 9.
If h ′ ∈ P 0 , we have
Proof. First of all, because of h ′ ∈ P 0 ⊂ P, the integral
is a closed real (1, 1)-form on X representing the first Chern class c 1 (E) and thus
We therefore have to show that
Because of h ′ ∈ P 0 , we have h ′ = h 0 e s with s ∈ P (S h 0 ). By Bott-Chern theory, we know that
From h ′ , h 0 ∈ P, it follows that Λ g∂ ∂ tr(s) is integrable on X ′ . Also, because of s ∈ P (S h 0 ), we know that∂ tr(s) = tr(∇ ′′ s) is integrable on X ′ . By Gaffney's theorem, (6) follows.
Remark 10. In particular, if h ′ is a framed Hermitian-Einstein metric in E with respect to (X, D) and Einstein factor λ h ′ , Lemma 9 implies that
as in the classical theory, where vol g (X ′ ) = X ′ ω n X ′ n! is the volume of X ′ with respect to g X ′ .
We can now show the uniqueness of a framed Hermitian-Einstein metric in a simple bundle up to a constant multiple. We give a detailed proof of this proposition in order to show how to carry over the arguments from the classical situation. The existence proof in the following section will then work in a similar way, except for the considerations on the L 2 condition mentioned in the introduction.
Proposition 11. Let
Proof. First of all, we have
by Remark 10. Since h ′ 0 and h ′ 1 lie in the same component P 0 of P, we know that
This is a special version of Donaldson's functional. For the convenience of the reader, we give the first part of the now classical argument. The function L is well-defined since for every t ∈ [0, 1], we have
, where the last expression is integrable over X ′ with respect to
) and the finite volume of (
and the Hermitian-Einstein condition (7) yields L ′ (0) = 0 = L ′ (1). By Bott-Chern theory, we know that
where
is the covariant derivative on smooth sections of End(E ′ ) with respect to the Chern connection of the Hermitian holomorphic vector bundle (E ′ , h ′ t ). Consequently, the second derivative of L is
since s is self-adjoint with respect to h ′ t , where the L 2 norm is as above and
is a smooth (2n − 1)-form on X ′ . We are going to verify the hypotheses of Gaffney's theorem. We have | tr(s∇
is L 2 and |s| h ′ t is bounded on X ′ . It follows that γ is L 2 on X ′ and, in particular, L 1 due to the finite volume of (X ′ , g X ′ ). Moreover, we know that
Thus, dγ is seen to be L 1 on X ′ as well. By Gaffney's theorem, it follows that
. This implies that ∇ ′′ s = 0, i. e. s is a holomorphic section of End(E ′ ). As above, let h 0 be a smooth Hermitian metric in E. Then h 0 and h ′ 0 lie in the same component P 0 of P and the boundedness of |s| h ′ 0 implies the boundedness of |s| h 0 . By Riemann's extension theorem, s can be extended to a holomorphic section of End(E) over X. Since the bundle E is simple by hypothesis, we have s = a id E for some number a, which must be real as s is self-adjoint. Finally, we obtain
as claimed.
Square-integrability conditions
Having established the notions of framed stability and framed Hermitian-Einstein metrics, we can now state a framed version of the Kobayashi-Hitchin correspondence.
Theorem 12. Let E be a holomorphic vector bundle on a canonically polarized framed manifold (X, D) such that E is stable in the framed sense with respect to (X, D). Then there is a unique (up to a constant multiple) Hermitian-Einstein metric in E in the framed sense with respect to (X, D).
The uniqueness follows from Corollary 7 and Proposition 11. As mentioned in the introduction, the classical existence proof (cf. [10] , [32] ) can be applied to the framed situation almost completely using the notions of quasi-coordinates and bounded geometry together with Gaffney's theorem. The only critical aspect is the application of the regularity theorem for weakly holomorphic subbundles (cf. [36] , [37] , [28] ) to the framed situation. In order for this statement to produce a coherent subsheaf over the compact manifold X as needed by the definition of framed stability, the weakly holomorphic subbundle must be given as an L 2 1 section with respect to a smooth Kähler metric on X. Since it is first obtained as an L 2 1 section with respect to the Poincaré-type metric on X ′ , we can complete the proof by showing that the L 2 1 condition with respect to this metric implies the L 2 1 condition in the ordinary sense, which is the aim of this section.
First we define the relevant spaces of sections. Since L 2 sections are only defined almost everywhere and the divisor D has measure zero, there is no difference between considering L 2 sections on X and on X ′ , so we introduce all notions on the compact manifold X. By the adjunction formula, we see that
so that there is a unique (up to a constant multiple) Kähler-Einstein metric g D on D with negative Ricci curvature. Let ω D be its fundamental form and let σ be a canonical section of [D] . By abuse of notation, we regard σ as a local coordinate function near a point p ∈ D. We can restrict ω X ′ to the locally defined sets D σ 0 := {σ = σ 0 } ⊂ X ′ for small σ 0 > 0 and there is a notion of locally uniform convergence of ω X ′ |D σ 0 for σ 0 → 0. We then have the following convergence theorem.
Theorem (Schumacher, [30] , Theorem 1). ω X ′ |D σ 0 converges to ω D locally uniformly as σ 0 → 0.
In what follows, all estimates can be done in a small neighbourhood U ⊂ X of an arbitrary point p ∈ D. This neighbourhood will be shrinked several times as needed throughout the computation. We can choose coordinates z 2 , . . . , z n for D on U ∩ D such that
is diagonal at p. Regarding σ as a local coordinate, we have a coordinate system (σ, z 2 , . . . , z n ) on U . We write dV for the Euclidean volume element and dV g for the volume element of the metric g = g X ′ . Then locally we have
Let E be a holomorphic vector bundle on X with a smooth Hermitian metric h. We write ·, · for the scalar product in the fibres of E induced by h and ||·|| for the corresponding norm in the fibres of E.
be the space of L 2 sections of E with respect to the metric g X ′ with the L 2 norm
) be the Sobolev space of L 2 sections of E with L 2 first-order weak derivatives with respect to g X ′ with the Sobolev norm
Here, ∇ denotes the covariant derivative with respect to the Chern connection of the Hermitian holomorphic vector bundle (E, h), where ∇s is computed in the sense of currents, T * X denotes the cotangent bundle of X and the bundle T * X ⊗E is endowed with the product of the dual of the complete Kähler-Einstein metric in T * X and the Hermitian metric h in E.
The spaces L 2 (X, E) and L 2 1 (X, E) are defined in the ordinary sense, i. e. with respect to a smooth Kähler metric on X.
Remark 14. Let ∇ = ∇ ′ + ∇ ′′ be the decomposition of ∇ into its (1, 0) and (0, 1) parts. Then for a section s ∈ L 2 (X, E, g), we have s ∈ L 2 1 (X, E, g) if and
). In what follows, we only consider ∇ ′ s since then everything follows for ∇ ′′ s in an analogue way.
We locally write the fundamental form ω X ′ of g X ′ as
be the inverse matrix of
Then, writing
Proposition 15. The square-integrability conditions defined above with respect to the Poincaré-type metric imply the corresponding conditions in the ordinary sense, i. e. we have
First we need to make a remark about the asymptotic behaviour of the metric g X ′ . Using Schumacher's convergence theorem and the fact that ω D is diagonal at p, we see that g i approaches 0 for i, j = 2, . . . , n and i = j as σ → 0. Together with Proposition 1 from [31] , which is stated there in the surface case but holds analogously in higher dimensions, we obtain the following proposition which was announced above.
Proposition 16. With 0 < α 1 from Schumacher's theorem on the asymptotics of the Poincaré-type metric, we have
Proof of Proposition 15. Since the terms coming from the smooth Hermitian metric h in E do not influence the following computations, we can assume that E is the trivial line bundle on X and ∇ is the ordinary exterior derivative d = ∂ +∂. We first observe that since |σ| 2 log 2 (1/|σ| 2 ) → 0 as σ → 0, we can assume (after possibly shrinking U ) that |σ| 2 log 2 (1/|σ| 2 ) 1. 
so it suffices to show that this integral is dominated by the L 2 -norm of ∂s with respect to g X ′ . 
−
2c ′ (n − 1)|s σ ||s j | c|σ| log 1+α (1/|σ| 2 ) .
Since α > 0, log α (1/|σ| 2 ) tends to infinity as σ approaches 0. Thus we can assume (after possibly shrinking U ) that log α (1/|σ| 2 ) 2c ′ (n − 1)/c. 
The second sum in (10) can be estimated similarly to the first. Here we note that by Proposition 16 (iv) we can assume (again after possibly shrinking U ) that |g i | c 2(n − 1) for 2 i < j n. 
Substituting (11) and (12) into (10) |s i | 2 dV, which equals (9) up to a constant. This proves the claim.
As explained before, Proposition 15 completes the proof of Theorem 12.
